Abstract. The origin and stability of quasicrystals are still heavily debated issues. One may ask the same questions about aperiodic crystals in general. For some other classes, there are answers to these questions, and it is useful to compare the situations. A short discussion is given of what is known for the various classes of aperiodic crystals.
Introduction
Since 1982 much has become clear concerning quasicrystals. However, around a number of very fundamental questions there is lack of consensus or even ignorance. Among them are the questions why they are stable, and how a quasicrystal realises a long-range order by growing locally. These questions may be asked for all kinds of aperiodic crystals. By these we mean compounds with sharp diffraction peaks on positions k ¼ P n i h i a i * , where the basis vectors a i * span the 3D space, but without lattice periodicity (the rank n is larger than the space dimension). However, for some the situation is better understood than for others. We compare here the points of understanding of three classes of aperiodic crystals: incommensurate modulated phases, incommensurate composites and quasicrystals. The topic of phase transitions in aperiodic crystals is very rich. Perhaps a broader view may suggest answers for quasicrystals.
Phase transitions
The stability regions in parameter space (temperature, pressure, composition) are bounded by phase transition lines. The phase transitions may well be described by the Landau theory of phase transitions, where there is a group-subgroup relationship between the two phases. The general situation is that there is a transition from a phase with symmetry group G to a phase with a symmetry group H which is a subgroup of G. The order parameter transforms with a representation of G, the free energy is invariant under G and the subgroup H is determined by the condition that the order parameter is invariant under H. For a periodic crystal, G is a space group, and the order parameter h transforms with a representation characterised by a wave vector k and a representation of the group of k. For aperiodic crystals the group G may be a 3D space group or an nD superspace group, and the group H an nD superspace group. Because the low-and highsymmetry structures may have different rank, there is, generally, not a group-subgroup relation.
This may be brought to the standard situation by embedding the lower-dimensional symmetry group into a space of the higher dimension. In the transition from a space group G 0 to a rank n superspace group H, the latter is a subgroup of
1 are characterised by a wave vector q I , and a representation of G 0 . The superspace group H then is the subgroup of G 0 Â E 1 for which this representation subduces the identity representation. Another example of a transition between systems of different rank is the transition from a 1q modulation to a 2q modulation, as occurs, for example, in biphenyl. Then the 5D superspace group H is a subgroup of the product of the 4D superspace group G 0 and E 1 . The Landau free energy is of the following type, if hðzÞ is the space dependent order parameter corresponding to the wave vector k.
where the lock-in terms favour commensurate wave vectors. For example, in the neighbourhood of a wave vector k for which 4k belongs to the reciprocal lattice, an invariant term is one proportional to ðhðkÞ 4 þ h * ðkÞ 4 Þ. The usual picture is then, that for decreasing temperature a phase transition from a periodic crystal towards an incommensurate modulated phase is reached, for which the wave vector changes with temperature, and finally there is a first order phase transition to a commensurate modulated phase due to the lock-in terms. The low-T structure generally may be described by a superspace group of the same dimension as that for the incommensurate phase. Although there are phases that remain incommensurate to the lowest temperatures, more often the lowest temperature phase is commensurate.
The phase transitions where aperiodic phases are involved may also be studied with simple semi-microscopic models, or, more realistically, ab initio calculations [12] . The latter, however, are restricted to relatively small unit cells, and this provides a legitimacy for the former. For displacive modulated phases the model free energy in
where u n is the v-dimensional (v D) displacement of the particle at lattice position n, V 1 is the on-site potential (e.g. Au
, and V 2 the interaction of the particles at n and m. An example is V 2 ðc; u n ; u nÀc Þ ¼ Bu n u nÀc , V 2 ð2c; u n ; u nÀ2c Þ ¼ Du n u nÀ2c , V 2 ðd; u n ; u nÀd Þ ¼ Cu n u nÀd (d ¼ a or b). Depending on the parameters the ground state is a periodic array with u n ¼ 0, or a modulated phase, either commensurate or incommensurate. The phase transitions occur because the parameters are T-dependent. A typical phase diagram is given in Fig. 1 . For high large A=D (corresponding to high T because of the non-linear terms), the solution u n ¼ 0 is the ground state. For low values of A=D or large values of jB=Dj, the ground state is commensurate. Around the origin there is a region where the free energies of incommensurate phases are the lowest.
A peculiar type of phase transition may appear inside the incommensurate modulated phase. Above that transition the modulation functions are smooth, whereas below the transition temperature the functions have discontinuities. In the literature, this is known as the transition by breaking of analyticity [2] or as the discommensuration transition [1] . In the superspace description the transition means a discontinuity of the atomic surfaces. Below the transition the embedding has features in common with quasicrystals. In model calculations these transitions are very weak, which means that only higher derivatives of the free energy show discontinuities. For parameters outside this region, the thermodynamic ground state may become incommensurate for higher temperature, where the entropy stabilises the incommensurate phase. The incommensurate ground state has many almost degenerate states. This implies that its free energy falls off more steeply than that of the commensurate state, because of the entropy term. If the T ¼ 0 ground state is commensurate, the entropy may drive the system to an incommensurate ground state at higher temperature.
For the second class of aperiodic crystals, the composites, often Landau theory may be applied to the liquidsolid transition of one component inside the channels in another component. Semi-microscopic models are of the type of the double chain model. It consists of two subsystems, for example with rectangular or orthorhombic structure, but with irrational mean lattice constants along the zdirection.
Here x n and y m are the positions of the 1st (resp. 2nd) subsystem. For increasing l the subsystems are modulated: the positions in the 1st (2nd) subsystem are given in the ground state by x n ¼ n þ f ðnÞ and yðmÞ ¼ m þ gðmÞ, where the modulation functions f and g have the periodicity along the z-axis of the other subsystem. Also in these models on has observed the discommensuration transition. For l > l c the modulation functions are no longer continuous. The incommensurability of a composite is determined by the ratio of the lattice constants of the subsystems, although the subsystems do not exist necessarily as such. In so called flexible composition compounds [3] one subsystem consists of columns of octahedra and triangular prisms, the other of rows of atoms. The building blocks in the first system are characterised by a pseudo-spin (s n ¼ þ1 for an octahedron, ¼ À1 for a prism). The concentration c is the number of up spins divided by the number of down spins. Because of charge neutrality there is a coupling between c and the ratio between the number of blocks divided by the number of particles between the columns (1 þ c ¼ n 2 =n 1 ). In a generalisation of the double chain model the energy per particle may be calculated as function of c as the minimum over all spin distributions corresponding to c. For this model there are no special minima for commensurate values of c. This means that there are no lock-in terms, and that in general the lowtemperature structure is incommensurate.
The diffraction peaks of an incommensurate composite for the case where two subsystems share the periodicity in two directions and are incommensurate in the third are given by
where a 4 * ¼ ga 3 * . The peaks with h 4 ¼ 0 belong to the first subsystem, those with h 3 ¼ 0 to the second, and those with h 3 and h 4 both unequal to zero are sum reflections. Phase transitions may show up in the peaks of each of these as has recently been observed [4] .
For quasicrystals one type of phase transition is that between an approximant and the quasicrystal. Considering the transition in one space, the dimension of which is the rank of the quasicrystal, the lattice is characterised by the metric tensor g, with as ij element the scalar products of the basis vectors a i and a j . The point group is a subgroup of the symmetry group of this lattice. For an icosahedral phase the tensor is given by
The symmetry is the 6D group 5 53m ( 5 5 2 3m). A deforma-
2 Þ a 2 lowers the symmetry to the tetragonal group m 3 3(m 3 3Þ. For f ¼ L=N (with integers L and N) a tetrahedral approximant is obtained. Usually, this transition is of first order. In Landau theory this might be described with higher-order terms. The deformation of the 6D lattice may be given by a 0 is ¼ a is þ d i with d i having only components in internal (perpendicular) space. Therefore, it is a phason deformation. This is the principal order parameter. Because of phason-phonon coupling the deformation may also have components in physical space. The free energy as a function of the order parameter h could be
A second type of phase transition for a quasicrystal is that to a modulated quasicrystal. In icosahedral AlPdMn this may be described in 12 dimensions. The group-subgroup relation is P 6 5 53m Â E 6 ! P 12 5 53mða00000Þ, when the soft mode is connected with the wave vector a 1 * [5] [6] [7] [8] . These phase transitions have also been discussed in [9] .
For quasicrystals, the question about the character of the T ¼ 0 ground state is more difficult. For a quasicrystal the number of almost degenerate states is very large. For increasing temperature more of these states become accessible and the entropic term may drive the crystal from the periodic approximant structure to the quasicrystalline structure. However, model calculations have shown that for certain interactions the quasicrystalline state is also stable [10, 11] . Experimental determination of the damping of phasons and the elastic constants as function of temperature seems to be in agreement with the prediction of the random tiling model, but a similar prediction for an energetically stable model does not exist, as far as I know. This question could be attacked by more realistic calculations of the stability of the quasicrystalline state, along the lines already followed by Mihalkovič and Widom [12] .
Stability of aperiodic crystals with respect to elastic deformations may be determined by calculating the elastic constants (phonon-, phason-and phonon-phason coefficients). Strictly speaking the energy is non-analytic in the phason variables for the class of aperiodic crystals with phason jumps. However, elasticity is a macroscopic theory, and the energy may be considered as a function of the average number of phason jumps. It is an open mathematical question whether this average free energy is again analytic or not.
Phasons
Often a structural phase transition is induced by a soft excitation. One of the special properties of aperiodic crystals is the occurrence of excitations connected to the fact that the system may be described in a higher-dimensional space. These are the phasons, and they appear in all classes of aperiodic crystals. If they become unstable, the consequence may be a phase transition with a character that differs from that of a phase transition in a conventional, periodic crystal.
For displacive modulated phases the standard situation is, that a soft mode leads to an instability. At the phase transition it splits into a phason and an amplitudon. The frequency of the phason is essentially zero. In simple models there are n branches going to zero, three acoustic ones and (n-3) phason modes. The damping of the zero frequency acoustic mode is strictly zero, that of the phason modes is small. At a second phase transition (the discommensuration transition) a phason gap opens up and the damping increases. In experiments, very seldom the soft mode goes completely to zero. There is usually a finite gap. Moreover, the phason mode is most often overdamped. This is explained by two effects. When the modulation function is smooth an adiabatically slow motion of the modulation wave with respect to the lattice does not cost energy, but when a critical velocity is exceeded, the motion is no longer without dissipation. This introduces a finite lifetime for phasons. Another effect is the presence of defects which have a more important effect on phasons than on acoustic modes. Systems where underdamped phasons have been found are liquid crystals [13] .
Many of the composites are misfit structures, in which the interaction between the subsystems is high. The consequence of this is a non-analytic modulation, and this leads to dissipation for the dynamics. But also for compounds where the modulation functions look quite smooth, one
has not yet reported a propagating phason mode.
Phasons in quasicrystals are modes in a system with disconnected atomic surfaces. One then expects diffusive modes with frequency w proportional to iq 2 . This is in agreement with experiments on i-AlMnPd [14] .
Growth
Another open problem, at least for quasicrystals, is the crystal growth. In principle, this is a conceptually simple problem for periodic crystals, because one can put unit cells on top of a layer of already existing unit cells. In reality, the problem is more complicated than that, because atoms, and not unit cells, are attached to layers of atoms, and for an efficient growth defects are very important. For aperiodic crystals, the question is how the order propagates, and how the long-range order of the ground state is established.
For displacive incommensurate modulated crystals a phonon becomes soft at T i , the unstable mode condenses with an increasing amplitude below T i . The growth of a crystal in the IC phase proceeds with the same mechanism as in periodic crystals. In this process also satellite faces may have a high stability, and therefore a high morphological importance. This may be explained with a generalisation of the periodic bonds model, as given by Bennema and Kremers [15] in superspace, or by the broken-bond model of van Smaalen [16] . The growth of a composition modulated phase follows a different mechanism. For the case of NaNO 2 the NO 2 ions point in either of two directions at high T with equal probability, in the IC phase the probability for one direction varies in a periodic fashion. The phase transition consists of flips towards the periodic distribution. For CuAu II the 2 positions in the fcc unit cell are taken by Au or Cu with a certain distribution. Also here only local flips are needed for the phase transition. But for a hypothetical modulated AB compound with probability of finding an atom A at a certain z-value given by a periodic function, the ordering requires a diffusion, which may be a slow process.
Inside an incommensurate phase, the length and direction of the wave vector may change as a function of temperature or pressure. This implies a reshuffling of all atoms. In the discommensuration region this may occur by the growing of domain walls. In the discommensuration region the wave vector q is close to a commensurate vector q c . With respect to the plane wave q c the phase of the incommensurate modulation changes in space. Near the incommensurate phase transition it is a linewar function of the space variable, near the lock-in transition it shows steps. For example, if q is close to q c = c * /4, the plateau's correspond to phases 2mp/4. In 2D and 3D the steps form lines (or surfaces) called stripples (Fig. 2) . Changing the wave vector means changing the density of these stripples. In model calculations new stripples come in from the outside resulting in the change of the modulation wave vector.
Of the several types of incommensurate composites, that of urea-nonadecane and Hg 3Àd AsF 6 has been studied in much detail. Here channels in the host lattice are filled with the guest molecules. At high temperature, the latter form a liquid. The phase transition to the IC phase is a solid-liquid transition inside the channels. The kinetics of further phase transitions is simiar to that in modulated phases.
The case of quasicrystals is more complicated. There is not a periodic lattice from which the quasicrystals grows slowly, and the chemical ordering is important. On the other hand, the quasiperiodicity is determined geometrically, and does not change with temperature, except at (first order) phase transitions. Growth models proposed by Elser and Joseph show that it is possible to give an algorithm that produces very few defects in the growth process [17] . More recently, simulations show how local clusters of dodecagonal symmetry grow, and arrange themselves in an imperfect quasiperiodic structure [18] . However, the size of the systems is still rather small, and it is not clear whether only dodecagonal quasicrystals may be produced in this way.
Concluding remarks
The various classes of aperiodic crystals have certain properties in common. There is, however, a division that runs through all classes. On one side there are the systems with smooth connected atomic surfaces, like displacively modulated phases with smooth modulation functions and certain composites. On the other side there are the modulated phases with non-analytic modulation functions, strongly interacting composites and quasicrystals. In the latter class, phasons are diffusive and the energy is non-analytic in the phason variable.
For incommensurate composites, the ground state at T ¼ 0 is, generally, incommensurate. For modulated phases, there is an interplay between the strength of the frustrating interactions and the entropy. The same might be the case for quasicrystals, but this point requires still more studies.
The situation in one class of aperiodic crystals may be rather different from that in another class, but a knowledge of what happens in the other classes might be useful for solving the problem under consideration. 
